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A one-parameter two-term Henyey–Greenstein �TTHG� phase function of light scattering in seawater is
proposed. The original three-parameter TTHG phase function was reduced to the one-parameter TTHG
phase function by use of experimentally derived regression dependencies between integral parameters of
the marine phase functions. An approach to calculate a diffuse attenuation coefficient in the depth of
seawater is presented. © 2002 Optical Society of America
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1. Introduction

An analytic Henyey–Greenstein1 �HG� scattering
phase function is popular in radiative transfer calcu-
lations in astrophysics2 and atmospheric and oceanic
optics.3,4 This phase function is convenient for some
numeric and Monte Carlo calculations because it has
an analytic form and expands to a simple Legendre
polynomial series. It also allows for easy computa-
tion of asymptotic light radiance distribution. Un-
fortunately, the shape of the HG phase function
inadequately represents the shape of realistic atmo-
spheric and marine phase functions. For the case of
atmospheric optics this shortcoming was successfully
resolved by Kattawar5 who proposed a two-term
Henyey–Greenstein �TTHG� phase function. Unfor-
tunately, Kattawar’s TTHG phase function, in the
form it was presented, is not directly applicable to
marine waters. In this paper the similar approach
is adopted but for oceanic water.

2. One-Parameter Two-Term Henyey–Greenstein
Phase Function

The HG phase function1,5,6 has the following analytic
form:

pHG��, g� �
1 � g2

�1 � 2g� � g2�3�2 , � � cos �, (1)
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where � is a scattering angle, and an asymmetry
parameter g is equal to the average cosine cos � over
the angular distribution in Eqs. �1� defined as

cos � �
1
2 �

�1

1

p����d�,
1
2 �

�1

1

p���d� � 1. (2)

The HG phase function in Eqs. �1� has the following
expansion into the Legendre polynomial series:

HG��, g� � �
n�0

	

�2n � 1� gnPn���, 0 � g � 1. (3)

The average of the squared cosine for the HG phase
function of Eqs. �1� is

cos2 � �
1
2 �

�1

1

pHG����2d� �
1
3

�
2
3

g2, (4)

and the probability of backscattering �equal to the
ratio of backscattering coefficient bb to the total scat-
tering coefficient b, B 
 bb�b� is defined by the fol-
lowing equation:

B�HG �
1
2 �

�1

0

pHG��, g�d�

�
1
2 �

0

1

pHG���, g�d�

�
1 � g

2g � 1 � g
�1 � g2�1�2 � 1� . (5)

The HG phase function has remarkable analytical
properties presented by Eqs. �1� and �3�. At the
same time it is ill-suited to model scattering in real



seawater because the shape of the HG phase function
significantly differs from the shape of real oceanic
phase functions.6,7 The HG phase function imitates
only the first, forward-directed peak of the experi-
mental phase function and ignores the second one,
the backward-directed peak.

To overcome this shortcoming and retain all desir-
able properties of a HG phase function, a TTHG
phase function was chosen in a form proposed by
Kattawar:5

pTTHG��, �, g, h� � �pHG��, g� � �1 � ��

� pHG��, �h�,

0 � �, g, h � 1. (6)

Here � is a weight of the forward-directed HG phase
function, �1 � �� is a weight of the backward-directed
HG phase function, g is an asymmetry factor of the
forward-directed HG phase function, and h is an
asymmetry factor of the backward-directed HG phase
function. The sign before the positive asymmetry
factors determines the direction of elongation: A
positive sign determines elongation forward and a
negative sign determines elongation backward. So
Eqs. �6� define the phase function that has two peaks:
the forward peak with the weight � and asymmetry g
and the backward peak with the weight �1 � �� and
asymmetry h. The TTHG phase function of Eqs. �6�
has the following expansion into the Legendre poly-
nomial series:

pTTHG��, �, g, h� � �
n�0

	

�2n � 1���gn � �1 � ��

� ��h�nPn���. (7)

The integral parameters, which include backscatter-
ing probability B, average cosine cos �, and average
square of cosine cos2 �, of the TTHG phase function of
scattering are given by the following equations:

B �
1
2 �

�1

0

pTTHG��, g�d� � �
1 � g

2g � 1 � g
�1 � g2�1�2

� 1�� �1 � ��
1 � h

2h �1 �
1 � h

�1 � h2�1�2� , (8)

cos � �
1
2 �

�1

1

pTTHG����d� � �g � �1 � ����h�

� �� g � h� � h, (9)

cos2 � �
1
2 �

�1

1

pTTHG����2d� �
1
3

�
2
3

��� g2 � h2�

� h2. (10)

To reduce a number of independent parameters ��,
g, h� in Eqs. �6� for the TTHG phase function, I used
experimental data presented in the paper by
Timofeyeva,8 in which a number of regression rela-
tionships between integral parameters of experimen-
tally measured phase functions are given. By using
the data published by Timofeyeva, I rederived the
regression relationships between integral character-
istics of the phase function in a form convenient for
the elimination of the two extra parameters in Eqs.
�6�. These new regressions are represented as fol-
lows:

cos � � 2
1 � 2B
2 � B

, r2 � 0.99999, (11)

cos2 � �
6 � 7B

3�2 � B�
, r2 � 0.99999. (12)

The original measurements by Timofeyeva support
Eqs. �11� and �12� in the range of experimental data,
i.e. 0.05 � B � 0.25. This range encompasses the
variability of B’s corresponding to seawater; however,
because of the specifics of the derivations,9 Eqs. �11�
and �12� are valid in the whole range of variability of
backscattering probability: 0 � B � 0.5. The rela-
tionships of Eqs. �11� and �12� should be considered as
a better alternative to the original regressions by
Timofeyeva. They are better because they give val-
ues of parameters that both lie in the range of exper-
imental error for 0.05 � B � 0.25 and satisfy two
asymptotic conditions at delta-shaped scattering
�B � 0� and isotropic scattering �B � 0.5�. Equa-
tions �11� and �12� also give values almost identical to
the values computed with Timofeyeva’s original re-
gressions.

By solving the relationships of Eqs. �11� and �12�
with Eqs. �8�–�10�, we obtain the following coupling
relationships between parameters ��, h� and the first
asymmetry parameter g:

� �
h�1 � h�

� g � h��1 � h � g�
, (13)

h � �0.3061446 � 1.000568g � 0.01826332g2

� 0.03643748g3, 0.30664 � g � 1. (14)

Substitution of Eqs. �13� and �14� into Eqs. �6� or
Eq. �7� gives us a one-parameter TTHG phase func-
tion of light scattering in seawater with integral pa-
rameters �B, cos �, cos2 �� adjusted to the
experimentally derived relationships given by Eqs.
�11� and �12�. The dependence of integral parame-
ters �B, cos �, cos2 �� of the marine TTHG phase
function on the asymmetry parameter g is shown in
Fig. 1.

By solving a radiative transfer equation in the
depth of seawater, as demonstrated in Appendix A,
we can obtain an expression for the eigenvalue of this
equation as a function of probability of scattering B 

bb�b and single-scattering albedo �0 � b�c �here c is
a total beam attenuation coefficient of seawater�.
Because, by definition, the eigenvalue is a ratio of the
diffuse attenuation coefficient to the beam attenua-
tion coefficient, we have the following simple formula
20 February 2002 � Vol. 41, No. 6 � APPLIED OPTICS 1023
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for the diffuse attenuation coefficient of light in the
depth of seawater:

k	 � c��B, �0�, (15)

with the eigenvalue ��B, �0� defined by Eq. �A15� of
Appendix A.

3. Connection of the Seawater Two-Term
Henyey–Greenstein Phase Function with the Beam
Scattering Coefficient

The seawater TTHG phase function proposed above
depends on only one parameter g. Experimental
data published by Petzold7 allow us to derive the
following relationships that connect the seawater
backscattering coefficient bb and the seawater back-
scattering probability B � bb�b with the seawater
scattering coefficient b at 515 nm:

bb � 0.000977 � 0.01�b

� 0.001954�
0.962 � 0.532b
1 � 0.01064b

,

r2 � 0.993, (16)

B �
bb

b
�

0.000977
b

� 0.01

� �1 �
0.001954

b � 0.962 � 0.532b
1 � 0.01064b

,

� � 515 nm. (17)

When we use Eqs. �8�, �13�, and �14� with Eqs. �16�
and �17�, it is easy to obtain the following relationship

Fig. 1. Dependence of integral parameters �B, cos �, cos2 �� of the
marine TTHG phase function on asymmetry parameter g.
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that couples parameter g in Eqs. �7�–�14� with the
beam scattering coefficient:

g � 1 �
0.001247 m�1

b515 nm
, 0.001954 m�1

� b515 nm � 2 m�1, r2 � 0.985. (18)

Equations �18� should be used in seawater radiative
transfer calculations to match the elongation proper-
ties of the seawater TTHG phase function of Eqs. �6�,
�13�, and �14� with the beam attenuation coefficient.
The generalization to other wavelengths of visible
spectrum can be accomplished with the approach pro-
posed in Ref. 10 and implemented as an algorithm
and a FORTRAN code in Ref. 11.

4. Examples of Seawater Two-Term
Henyey–Greenstein Phase Functions and Comparison
with Experimental Data

The seawater one-parameter TTHG phase function,
being slightly more complex than the simple HG
phase function, has the following important advan-
tage over the HG phase function: Similar to the
realistic phase functions, it has two prominent peaks,
the largest one in the forward direction and the
smallest one in the backward direction. The simple
HG phase function has only one peak, which is in the
forward direction.

Figure 2 shows samples of seawater TTHG phase
functions for typical values of parameter g, and Fig. 3
shows comparisons among the experimental Petzold
phase function, the HG phase function, and the one-
parameter seawater TTHG phase function.

The theory presented in Appendix A shows that it
is possible to derive some optical properties and pa-

Fig. 2. Samples of marine TTHG phase functions for different
values of asymmetry parameter g.



rameters of the light field with only an analytic ap-
proach. One of the most important and easiest to
derive parameters of the light field in the depth of
scattering medium is an average cosine: �� � a�k	 

�1 � �0����B, �0� with ��B, �0� given by Eq. �A15� and
a being an absorption coefficient of seawater.

To compare results of modeling with the seawater
TTHG phase function with the experimental data, a
set of random pairs of backscattering probability and
single-scattering albedos �B, �0� was generated.
These pairs, being homogeneously distributed in the
rectangle �0 � B � 0.5, 0 � �0 � 1�, simulate samples
of all possible values of �B, �0�. For each pair of �B,
�0�, a value of an average cosine �� was computed.
The results of the simulated �� ’s and the values of the
experimentally measured average cosines12 are plot-
ted against Gordon’s parameter gx � B�0��1 � �0 �
B�0� �see Fig. 4�. In spite of the fact that, in reality,
the values of �B, �0� are not independent but correlate
with each other10,13 and the seawater TTHG phase
function of scattering does not ideally match a real-
istic one �see Fig. 3�, the results of the simulation are
in a good agreement with the experimental data.
This simulation gives an additional argument that
the proposed phase function of scattering is a good
candidate for use in seawater radiative transfer com-
putations, especially in those cases when the analyt-
ical properties of HG phase function are important.14

5. Conclusion

It was shown that a realistic marine phase function
can be represented in the form of a one-parameter
two-term Henyey–Greenstein phase function with

Fig. 3. Comparison of the HG phase function, the one-parameter
seawater TTHG phase function, and the experimental Petzold
phase function7 with the same value of backscattering probability
B � 0.119.
the same dependencies between integral characteris-
tics of the phase function. In some special compu-
tational cases,14 this phase function may be more
preferable than the more realistic Fournier–Forand15

phase function or an analytic form of Petzold phase
functions.6 The proposed phase function may be
convenient for radiative transfer modeling.3,16–19

Appendix A: Eigenvalues and Radiance Distribution of
Light in an Asymptotic Regime

It is easy to show that the solution of the radiative
transfer equation in the asymptotic regime �when the
optical depth is much larger than 1� is azimuthally
symmetric and can be written as

L��, �� � L0����exp�����, (A1)

where L��, �� is the radiance of light at optical depth
� � �0

z c�z��dz�, c�z� is a beam attenuation coefficient
at physical depth z �for homogeneous water � � cz�,
L0 is determined from the boundary conditions �de-
scribed, for example, in Refs. 3, 5, 16, 17, 20, 21�, ����
is a radiance distribution as a function of � � cos �, �
is the zenith angle, c � a � b, a and b are absorption
and scattering coefficients, and � is the eigenvalue of
the asymptotic radiative transfer equation. For ho-
mogeneous water � � k	�c, where k	 is the asymp-
totic diffuse attenuation coefficient.

The asymptotic radiance distribution ���� in Eq.
�A1� is a solution of the following characteristic or
asymptotic equation for the radiative transfer:

�1 � ������� �
�0

2 �
1

����� p� ��, ���d��, (A2)

Fig. 4. Comparison of average cosines of the asymptotic radiance
distribution computed for all possible combinations of B and �0

with the experimental average cosines plotted against Gordon’s
parameter gx � B�0��1 � �0 � B�0�.
�1
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where �0 � b�c is the albedo for single scattering, ��
� cos ��, and

p� ��, ��� �
1

2� �
0

2�

p�cos ��d�,

cos � � ��� � ��1 � �2��1 � ��2�1�2cos�� � ���	
(A3)

is the phase function averaged over azimuth angle �,
� is the scattering angle, and the scattering phase
function p�cos �� is normalized by the following con-
dition:

1
2 �

0

�

p�cos ��sin �d� � 1. (A4)

If we represent the phase function in Eq. �A3� in the
form of the Legendre polynomial series,

p�cos �� � �
n�0

	

sn Pn�cos ��, s0 � 1, (A5)

where Pn�cos �� is the Legendre polynomial of the nth
order, then we have

p� ��, ��� � �
n�0

	

sn Pn��� Pn����. (A6)

The Legendre polynomial series can also be used to
represent the radiance distribution ����:

���� � �
n�0

	

�2n � 1��n Pn���. (A7)

By inserting Eqs. �A6� and �A7� into Eq. �A2� and
utilizing the recursion relation between Legendre
polynomials,

�2n � 1��Pn��� � nPn�1��� � �n � 1� Pn�1���,
(A8)

Table 1. Eigenvalues � of the Asymptotic Equation for Transfer for th
Values of the Single-Scattering Albedo

B��0 0.20 0.30 0.40 0.50

0.005 0.862038 0.716817 0.670190 0.521512
0.050 0.860399 0.778234 0.692595 0.603911
0.100 0.893488 0.823050 0.747403 0.667069
0.150 0.919372 0.859252 0.792536 0.719673
0.200 0.940713 0.890095 0.831655 0.765632
0.250 0.958529 0.916864 0.866245 0.806596
0.300 0.973240 0.940149 0.897057 0.843465
0.350 0.984925 0.960157 0.924468 0.876781
0.400 0.993398 0.976777 0.948583 0.906861
0.450 0.998330 0.989516 0.969196 0.933815
0.500 0.999909 0.997414 0.985624 0.957504
026 APPLIED OPTICS � Vol. 41, No. 6 � 20 February 2002
we obtain the following relationships between the
expansion coefficients �n and sn �Refs. 5, 6, 22�:

�0 � ��1 � �0�0 s0,
��n � 1��n�1 � �2n � 1 � �0 sn��n � �n�n�1 � 0,

n � 1, . . . , 	
	 .

(A9)

From the condition of solvability of the homoge-
neous system of Eqs. �A9�, we can find the connection
among �, �0, and sn. The condition is that the de-
terminant � of the system of Eqs. �A9� is equal to
zero:

� �



1 � �0 �� 0 0 · · ·

�� 3 � �0 s1 �2� 0 · · ·
0 �2� 5 � �0 s2 �3� · · ·
0 0 �3� 7 � �0 s3 · · ·

· · · · · · · · · · · · · · ·

 � 0.

(A10)

As was shown in Ref. 23, Eq. �A10� is equivalent to
the following infinite chain fraction equation:

1 � �0 �
�2

3 � �0 s1 �
4�2

5 � �0 s2 �
9�2

7 � �0 s3 � · · ·

,

(A11)

or

1 � �0 � �1, (A12)

where �n can be obtained from the following recur-
sion:

�n �
�n��2

2n � 1 � �0 sn � �n�1
, n � 1, . . . , 	.

(A13)

e-Parameter Seawater TTHG Scattering Phase Function for Different
nd the Probability of Backscattering B

envalue

0.60 0.70 0.80 0.90 0.99

447405 0.323231 0.222598 0.120107 0.021534
512142 0.416768 0.316303 0.205647 0.060727
581793 0.490387 0.389641 0.269236 0.084465
640036 0.551622 0.449466 0.318981 0.102089
690945 0.604749 0.500527 0.360395 0.116453
736330 0.651806 0.545203 0.396069 0.128689
777248 0.694039 0.584946 0.427481 0.139393
814398 0.732298 0.620730 0.455566 0.148921
848265 0.767197 0.653247 0.480965 0.157513
879178 0.799195 0.683010 0.504138 0.165335
907332 0.828635 0.710412 0.525430 0.172511
e On
�0 a

Eig

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.



If we know the values of single-scattering albedo �0
and phase function coefficients sn, the eigenvalue �
can be obtained numerically when we solve Eqs.
�A12� and �A13�. In this case we compute all coeffi-
cients �n of the asymptotic radiance distribution by
using the following relationships:

�0 � 1, �1 �
1 � �0

�
,

�n � �2 �
1 � �0 sn�1

n � �n�1

�
�

�1 �
1
n� �n�2, n � 2, . . . , 	

� (A14)

and therefore restore the radiance distribution ����
given by Eq. �A6�.

The eigenvalue solutions for the seawater TTHG
phase function for the pairs of input parameters ��0,
B�, computed numerically, are given in Table 1. Us-
ing a largely expanded version of this table it is pos-
sible to derive the following equation that connects
the eigenvalue � with the single-scattering albedo
and backscattering probability ��0, B�:

��B, �0� � �0��0� � �
n�1

5

�n��0���1�nBn. (A15)

The coefficients �n��0�, n � 0, . . . , 5, in Eq. �A15� are
given in Table 2.
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are available in a printable PDF format from http:��
www7333.nrlssc.navy.mil��haltrin�.

Table 2. Coefficie

�0 �0��0� �1��0� �2��0�

0.05 0.95609 0.41762 1.8653
0.10 0.90763 0.73428 3.2760
0.15 0.85958 0.97587 4.1853
0.20 0.81145 1.1718 4.7173
0.25 0.76304 1.3459 5.1578
0.30 0.71437 1.5039 5.5563
0.35 0.66548 1.6481 5.9213
0.40 0.61639 1.7788 6.2421
0.45 0.56712 1.8959 6.5105
0.50 0.51768 1.9995 6.7251
0.55 0.46807 2.0895 6.8909
0.60 0.41827 2.1657 7.0186
0.65 0.36826 2.2278 7.1237
0.70 0.31802 2.2744 7.2282
0.75 0.26751 2.3030 7.3619
0.80 0.21670 2.3080 7.5606
0.85 0.16560 2.2753 7.8495
0.90 0.11433 2.1659 8.1620
0.95 0.063265 1.8473 7.9291
0.97 0.042914 1.5580 7.1137
0.99 0.021309 0.97834 4.7437
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